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We prove a new Bailey-type transformation relating WP-Bailey pairs. We then use this
transformation to derive a number of new 3- and 4-term transformation formulae between
basic hypergeometric series.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Bailey’s transform can be stated as follows:















The proof follows by switching the order of summation (see [2, pp. 583–584], for example). Bailey set
Un = 1
(q;q)n , Vn =
1






and used the q-Gauss sum,
2φ1(a,b; c;q, c/ab) = (c/a, c/b;q)∞
(c, c/ab;q)∞ , (1.1)
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Here we are employing the usual notations. Let a and q be complex numbers, with |q| < 1 unless otherwise stated. Then




1− aq j) for n ∈N,






(a1;q)∞(a2;q)∞ . . . (ak;q)∞ = (a1,a2, . . . ,ak;q)∞.
An rφs basic hypergeometric series is deﬁned by
rφs
[
a1,a2, . . . ,ar






(a1;q)n(a2;q)n . . . (ar;q)n
(q;q)n(b1;q)n . . . (bs;q)n
(
(−1)nqn(n−1)/2)s+1−r xn.
In modern notation, the pair of sequences (αn, βn) above are termed a Bailey pair relative to x/q. Slater in [9,10] subse-
quently used this transformation of Bailey to derive 130 identities of the Rogers–Ramanujan type.
The ﬁrst major variations in Bailey’s construct at (1.2) appear to be due to Bressoud [5]. Another variation was given
by Singh in [8]. All of these variations were put in a more formal setting by Andrews in [1], where he introduced a
generalization of the standard Bailey pair as deﬁned at (1.3) (see also Eq. (9.3) in [4]).







Note that if k = 0, then the deﬁnition reverts to that of a standard Bailey pair.
In the same paper Andrews showed that there were two distinct ways to construct new WP-Bailey pairs from a given














(1− cq2 j)(ρ1,ρ2) j(k/c)n− j(k)n+ j





β j(a, c), (1.5)































Andrews two constructions can be shown to imply the following Bailey-type transformations for WP-Bailey pairs, assum-
ing suitable convergence conditions.
Theorem 1. If (αn(a,k), βn(a,k)) satisfy
βn(a,k) =
n∑ (k/a)n− j(k)n+ j
(q)n− j(aq)n+ j
α j(a,k),j=0








































We had initially derived the transformation at (1.7) in a way that was similar to the way Bailey derived (1.2), before
ﬁnding that it followed from Andrews’ ﬁrst construction at (1.5). A result equivalent to the transformation at (1.8) was also
stated by Bressoud in [5].
In the present paper we prove the following transformation for WP-Bailey pairs.















































































We use this transformation to derive some new 3- and 4-term transformations between basic hypergeometric series.
2. A transformation deriving from a q-analog of Watson’s 3F2 sum















We now prove the main theorem.













































































































The ﬁfth equality comes from applying (2.1) to the sum from the line before, after replacing λ with λq2n , a with aqn and
b with bqn in this identity.












The result now follows. 
We can use this theorem to re-derive some known identities between basic hypergeometric series, and also to derive
some new identities. For example, inserting the “trivial” WP-Bailey pair
αn(a,k) =
{
1, n = 0,
0, n > 0,
βn(a,k) = (k/a,k;q)n
(q,aq;q)n
in (1.10) leads to a version of (2.1) (perhaps not surprisingly, since (2.1) was used to prove Theorem 2). We also note in
passing that applying Andrews ﬁrst construction at (1.5) to this trivial WP-Bailey pair leads to a variant of Jackson’s sum of
a terminating 8φ7, while applying his second construction at (1.6) leads to a variant of the q-Pfaff–Saalschütz sum.
Before going further, we introduce some standard space-saving notation:




a1,−q√a1,a4, . . . ,ar+1√





















1, n = 0,
0, n > 1,
in (1.10) and replacing q with
√
q leads to the following identity:






















































































This identity is a particular case of Bailey’s nonterminating extension of Jackson’s 8φ7 sum (see [6, II.25, p. 356]).
We now state some transformations which we believe are new. Upon substituting Singh’s WP-Bailey pair [8] (see also [3],





























































− q (1− aq
2)(1− y)(1− z)(1− a2q/kyz)



























Remark. The identity above may be regarded as an extension of (2.1), since substituting y = 1 in (2.3) leads to a variant
of (2.1).













































































− q (1− aq
2)(1− qa2/k)(1− q2a2/k)(1− k/aq)








































































from [3] into (1.10). 











































































































































































from [3] into (1.10). 
We next consider two WP-Bailey pairs found by Bressoud [5] (see also [3], where these pairs are also investigated). We









































































































































































ab k b ∞ ab ab k k










































Proof. Insert Bressoud’s third WP-Bailey pair








































Finally, we apply the theorem to three WP-Bailey pairs found by the present authors in [7]:
α
(1)














































(adq,aq2/d;q2)n/2 , n even,
−a (q/ad,d/a;q2)(n+1)/2
(ad,aq/d;q2)(n+1)/2 , n odd.
(2.10)


















































































Proof. Insert the WP-Bailey pair at (2.8) into (1.10). 
























































ab k b ∞ ab a a k k k k k
J. Mc Laughlin, P. Zimmer / J. Math. Anal. Appl. 345 (2008) 670–677 677+ qa
k














































































+ a2 (1− q
3)(1− q2ab )(1− b)(1− aq)(1− qad )(1− da )
(1− q)(1− q2b )(1− ab)(1− ad)(1− q
3
















































+ a (1− aq
2)(1− d)(1− qd )(1+ a)

























Proof. Insert the WP-Bailey pair at (2.10) into (1.10), and set k = q. 
Remark. The extra q-products inserted in the numerators and denominators of the terms in the two series on the left in
the identity above are there so as to give each these series the form of an r+1Wr series.
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